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1. INTRODUCTION AND DEFINITIONS 
Let R be an integral domain with quotient field K. Then R is said to be 
root closed if whenever X” E R for some x E K and positive integer n, then 
x E R. For a positive integer n, we define R to be n-root closed if whenever 
x” E R for some x E K, then x E R. Any integral domain R is trivially l-root 
closed, and R is root closed if and only if it is n-root closed for each positive 
integer n. More generally, if R is a subring of another integral domain S, 
then R is n-root closed in S if whenever x” E R for some x E S, then x E R. 
The integral domain R is seminormaE if whenever x2, x3 E R for some x E K, 
then x E R. 
Seminormal integral domains have recently been studied rather exten- 
sively, mainly due to the fact that for an integral domain R, Pit(R) = 
Pic(R [X]) if and only if R is seminormal. This result about Picard groups is 
due to Gilmer and Heitmann [9] and extends earlier work of Traverso [ 14 ]. 
(Our definition of seminormality is actually an equivalent one from [5, 
Theorem 1 J, rather than Traverso’s definition.) Root closed integral domains 
were studied by Sheldon in his work [ 131 on how changing R changes the 
quotient field of R[ [Xl]. Root closed integral domains and seminormal 
integral domains have also been studied by Brewer, Costa, and McCrimmon 
in 16). In particular, they show that if R is either n-root closed or 
seminormal, then so is the polynomial ring R[X]. 
In this paper, we continue the investigation of n-root closed integral 
domains begun in [6]. We show that a graded integral domain is n-root 
closed if and only if it is n-root closed with respect to homogeneous 
elements. From this, we characterize when the semigroup ring R[X, r] is n- 
root closed, which generalizes the polynomial ring result mentioned earlier. 
For an integral domain R, the set E’(R) = (n E N 1 R is n-root closed} is a 
multiplicative submonoid of N generated by some set of prime numbers. 
Conversely, in Theorem 2.7 we show that given any multiplicative 
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submonoid S of N generated by primes, there is an integral domain R with 
F(R) = s. 
In Section 3, we study several properties related to n-root closure. Given a 
nonempty subset S of N, we define an integral domain R to be S-closed if 
whenever xn E R for all n E S and some x E K, then x E R. This definition 
includes as special cases both seminormal and n-root closed integral 
domains. However, in Theorem 3.2 we show that no new types of integral 
domains are introduced by this definition. Section 3 ends with some results 
about overrings and subrings of a root closed integral domain. 
Throughout this paper, R will always be an integral domain with quotient 
field K and integral closure R’. The sets of positive integers, integers, 
rational numbers, real numbers, and complex numbers will be written respec- 
tively as N, L, Q, R, and 6. Our notation will generally follow that of [ 71, 
and we will assume familiarity with the D + M construction, as in [4). 
2. ROOT CLOSURE 
We first record some facts about root closure in an integral domain for 
future reference. 
LEMMA 2.1. Let R be an integral domain with quotient field K. 
(a) Let m and n be positive integers. Then R is mn-root closed if and 
only ifit is both m-root closed and n-root closed. 
(b) Zf R is n-root closed for some positive integer n > 1, then R is 
seminormal. 
(c) Let V be a nontrivial valuation domain of the form F + M, where 
F is afield and M is the maximal ideal of V. Let D be a subring of F. Then 
the integral domain R = D t M is n-root closed if and only if D is n-root 
closed in F. Thus, R is root closed ty and only if D is root closed in F. 
Proof: (a) is easy to verify and is used in [ 6 1. 
(b) Suppose that x2, x3 E R for some x E K. Then x”’ E R for all 
integers m > 2. But R is n-root closed for some n > 1. Thus, x E R, SO R is 
seminormal. 
(c) Let x be in the quotient field of R with x” E R. Since V is 
integrally closed, x E V. Thus, x = a + m for some a E F and m E M. Hence 
x” = a” + y for some y E M. If D is n-root closed in F, then a E D; and SO 
x = a + m E D + M = R. It is clear that D is n-root closed in F if R is n-root 
closed. 1 
We next give two examples of one-dimensional noetherian local integral 
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domains to show that the classes of integrally closed domains, root closed 
domains, and seminormal domains are all distinct. Our first example is a 
modification of Exercise 6 of [ 7, p. 1841. 
EXAMPLE 2.2. A one-dimensional noetherian local integral domain 
which is root closed, but not integrally closed. Let L be the algebraic closure 
of Q and let k be the subfield of L consisting of all elements 8 of L such that 
the minimal polynomial for 8 over Q is solvable by radicals over Q Choose 
a E L, but not in k, and then let F = k(a). Next, let V= F[ [Xl1 = F + M, 
where M = XV. Then let R = k + M. By Lemma 2.1(c), R is root closed. 
However, R is not integrally closed because a is integral over R, but not in 
R. Finally, R is a one-dimensional noetherian local integral domain by 14, 
Theorem 2.11. 
EXAMPLE 2.3. A one-dimensional noetherian local integral domain 
which is seminormal, but not n-root closed for any n > 1. Let V = C [ 1x11 = 
C + M, where M = XV. Then the subring R = R + M is seminormal 13, 
Lemma 2.11. By Lemma 2.1(c), R is not n-root closed for any n > 1 since C 
contains nth roots of unity not in R. As in Example 2.2, R is a one- 
dimensional noetherian local integral domain. 
In (6, Theorem 21, it was shown that the polynomial ring R [Xl is n-root 
closed if and only if R is n-root closed. We show that this result extends to 
graded integral domains, and then use it to determine when the semigroup 
ring R[X, r] is n-root closed. We first review a few results about graded 
integral domains. 
By a graded integral domain R = @ aPr R,, we mean an integral domain 
R graded by an arbitrary torsionless grading monoid I-. That is, r is a 
commutative cancellative monoid, written additively, and the quotient group 
(r) generated by r is a torsion-free abelian group. A cancellative monoid is 
torsionless if and only if it can be totally ordered. A general reference on 
torsionless grading monoids and r-graded rings is [ 111. For example, the 
semigroup ring R [X, rl = R [ {XR 1 g E r)] with XRXh = Xy+h is an integral 
domain if and only if R is an integral domain and r is a torsionless grading 
monoid. The semigroup ring R[X; r] is a r-graded integral domain with 
deg rXR = g for each g E r and nonzero r E R. 
Let R = @ aer R, be a graded integral domain. Then S = (nonzero 
homogeneous elements of R) is a multiplicatively closed set. 7hus, R, is a 
(Q-graded quotient ring of R, with each (R,), = (a/b ) a E A,, 0 # b E R,, 
and cz = ,8 - y}. We shall call R, the homogeneous quotient field of R. Also, 
R, is integrally closed [ 1, Proposition 2.11. For example, the homogeneous 
quotient field of the semigroup ring R [X, r] is the group ring K[X, Cl, 
where K is the quotient field of R and G is the quotient group of K 
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We define a graded integral domain R = @ as,- R, to be homogeneousl.v 
n-root closed if whenever x” E R for some homogeneous x E R,, then x E R. 
We say that R is homogeneously root closed if R is homogeneously n-root 
closed for each positive integer n. Our first theorem shows that there is no 
distinction between a homogeneously n-root closed integral domain and a n- 
root closed integral domain. 
THEOREM 2.4. Let R = @ aer R, be a graded integral domin. Then R is 
n-root closed if and only ifR is homogeneously n-root closed. In particular, R 
is root closed if and only if R is homogeneously root closed. 
ProoJ: As our proof is an adaptation of [ 6, Theorem 11, we only sketch 
the proof. Clearly, an n-root closed domain is homogeneously n-root closed. 
Converse1 y, assume that R is homogeneously n-root closed. By 
Lemma 2.1 (a), we may assume that n is prime. If R is not n-root closed, then 
there is an x E K with xn E R, but x bY? R. Since R,, the homogeneous 
quotient field of R, is integrally closed, x E R,. Thus, we may choose an 
x E R,\R such that x” E R and x has the smallest number of nonzero 
homogeneous components. Then write x = x, 4 .. . + x,, with each 
0 #xi E (R,),, and (Y, < . . . < am. We may also assume that we have chosen 
such an x which has the longest initial string X, ,..., xi of homogeneous 
components in R. Note that x; E R, so x, E R. Then arguing as in 16, 
Theorem I] (with the xi replacing the a,), we may also assume that either 
nx,..., nx”-’ E R or x, x )..., x, x n- ’ E R. Then (x--x,)” = 
,y” --n,y,x” ’ i . . . + (-1)“~;. Since n is prime, n divides each coefficient 
(1) for i # 0, n. Thus, in either case (x - x,ln E R. But 4’ = x -x1 & R, so we 
have found a y E R,\R with ~1” E R and fewer nonzero homogeneous 
components than x. This contradicts our choice of x, so R must be n-root 
closed. 1 
As an application of Theorem 2.4, we determine when the semigroup ring 
R [X; Z’] is n-root closed. We define a torsionless grading monoid r to be n- 
root closed if whenever ng E r for some g E (r), then g E I: If r is n-root 
closed for each positive integer n, then r is root closed. Examples of root 
closed torsionless grading monoids include Z +, any direct sum of L + ‘s, or 
any torsion-free abelian group. 
COROLLARY 2.5. Let R be an integral domain and I’ a torsionless 
grading monoid. The semigroup ring R IX, r] is n-root closed if and only IY R 
is n-root closed and r is n-root closed. In particular, R [X, r] is root closed tf 
and only t$ both R and r are root closed. 
Proof If R IX, l-1 is n-root closed, then clearly R and r are both n-root 
closed. By Theorem 2.4, we need only show that R [X: 1.1 is n-root closed 
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with respect to homogeneous elements from its homogeneous quotient field 
K[X, (r)]. But if (ax”)” = anXnn E R(X, r] for some a E K and g E (r), 
then both a E R and g E r by hypothesis. Thus, R (X; rj is n-root closed. 1 
COROLLARY 2.6. Let R be an integrally closed domain and T a 
torsionless grading monoid. Then the semigroup ring R IX, r] is root closed if 
and only if it is integrally closed. 
Proof. Since a graded integral domain is integrally closed if and only if it 
is integrally closed with respect to homogeneous elements [ 1, 
Proposition 5.41, it is easy to verify that the semigroup ring RIX, r] is 
integrally closed if and only if R is integrally closed and r is root closed. 1 
Since the homogeneous quotient field R, is root closed, Theorem 2.4 is 
another instance of the theme from [ 1, 21; namely, that a graded integral 
domain R satisfies a certain divisibility property if and only if R satisfies 
that property with respect to homogeneous elements and R, satisfies that 
property. In [2, Theorem 6.11, we showed that this held for seminormal 
graded integral domains, and then determined when the semigroup ring 
R[X; r] was seminormal j2, Corollary 6.21. A special case of Corollary 2.6, 
when r is L or Z+, has been noted by Gilmer and Parker in 110, p. 831. 
Corollary 2.6 shows that as long as the base ring R is integrally closed, 
the semigroup ring construction does not distinguish between root closed and 
integrally closed domains. Thus, semigroup rings are of no help in 
constructing nontrivial examples of root closed integral domains which are 
not integrally closed. The difficulty in constructing geometric examples of 
root closed integral domains which are not integrally closed is also reflected 
in Theorem 3 of [6]. They showed that if R is the coordinate ring of an 
irreducible algebraic curve over an algebraically closed field k, then R is 
integrally closed if and only if R is root closed. Moreover, they showed that 
R is integrally closed if and only if R is n-root closed for some positive 
integer n > 1 prime to the characteristic of k. (In their hypothesis, they 
require that R also be seminormal, but by Lemma 2.1(b), this assumption is 
not necessary.) 
Next we investigate more carefully the relationship between m-root and n- 
root closure in an integral domain. For a given integral domain R, let 
W(R)=(nEN/R is n-root closed}. By Lemma 2.1(a), G?(R) is a 
multiplicative submonoid of N such that for any m, n E N, mn E @Y(R) if and 
only if m, n E g(R). Thus, G?(R) is a multiplicative submonoid of N 
generated by some set of prime numbers. Conversely, we use Corollary 2.5 
to show that for any set of prime numbers P, there is an integral domain R 
such that G?(R) is generated by P as a submonoid of N. 
THEOREM 2.1. Let S be a multiplicative submonoid of N generated by 
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some set of prime numbers. Then there is an integral domain R with 
W(R) = S. 
ProoJ Let S be generated by for some set P of primes. If S = TJ, then let 
R be any root closed integral domain. Otherwise, let Q = { piJiCl be the set 
consisting of those primes pi which are not in P. Let (Xi, Yi)i,l be a set of 
indeterminates over a field F. Then let R = F[ (Xipi 1 i E I}, (A’:? / m > 0, 
n > 1, and i, j E I} 1, a subring of FI (Xi, Yi 1 i E I) 1 generated by monomials. 
Clearly, R is not pi-root closed for any pi E Q. To show that R is p-root 
closed for each p E P, we view R as a semigroup ring and use Corollary 2.5. 
Let G = C,,,(O @ l)i and let Z be the submonoid of G, 
r= ({ gi}iE, E G I gi = (kpi, 0) for k > 0, or gi = (m, n) for m > 0, n > l}. 
Then R =F[X;T]. (H ere we identify g = ( gi = (c+,/?~)}~~, E G with the 
monomial 1 IiE, Xl’ Yfi.) Note that (I’) = G. Suppose that pg E Z for some 
g = ( giJi,, E G with each gi = (a,, /Ii). If pi = 0, then pai = kpi; so pi 1 ai 
since pi and p are distinct primes. Thus, gi = (Ipi, 0) for some I > 0. If pi # 0, 
then ai > 0 and pi > 1. Hence, g E f, and, thus, Z is p-root closed. Thus, by 
Corollary 2.5, R = FIX; Z] is p-root closed. So for a given prime p, R is p- 
root closed if and only if p E P. Hence V(R) = S. I 
EXAMPLE 2.8. An example of a noetherian seminormal integral domain 
which is neither 2-root nor 3-root closed, but is n-root closed for each n not 
divisible by 2 or 3. Let F be a field. Then apply the construction used in 
Theorem 2.7 to obtain the desired integral domain 
3. SOME RELATED RESULTS 
In 161, a seminormal integral domain R with quotient field K was called 
(2,3)-closed because whenever x2, x3 E R for some x E K, then x E R. More 
generally, for a nonempty subset S of k, we define an integral domain R 
with quotient field K to be S-closed if whenever x E K satisfies x” E R for all 
n E S, then x E R. Thus, R is n-root closed if and only if R is In}-closed, 
and R is seminormal if and only if R is (2, 3)closed. 
LEMMA 3.1. Let S be a nonempty subset of N and let [S ] denote the 
additive subsemigroup of N generated by S. Then an integral domain R is S- 
closed if and only if it is [ S]-closed. 
ProoJ Since S c [S], it is clear that an S-closed integral domain is also 
IS)-closed. Conversely, assume that R is IS]-closed. Suppose that x” E R for 
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all n E S. But since S generates [S], xm E R for all m E [S]. Hence, x E R, 
so R is S-closed. 1 
Thus, when we talk about an integral domain being S-closed, we may 
always assume that S is an additive subsemigroup of N. It is well known 
that such subsemigroups are finitely generated. If S = [n, ,..., n,], then we will 
denote gcd(n, ,..., n,) by gcd S. Note that if gcd S = d, then dn E S for all 
large positive integers n. Our next result shows that this more general 
definition of being S-closed really gives us nothing new. A special case of 
Theorem 3.2(a) has been proved by Rush in [ 12, Theorem 11. 
THEOREM 3.2. Let S be a proper additive subsemigroup of N with 
gcd S = d. Let R be an integral domain with quotient field K. 
(a) Let d = 1. Then R is S-closed if and only if R is seminormal. 
(b) Let d > 1. Then R is S-closed if and only if R is d-root closed. 
Proof: (a) Suppose that R is S-closed and x2, x3 E R for some x E K. 
Then xm E R for all m > 1, so x” E R for all n E S. Since R is S-closed, then 
x E R, and, hence, R is seminormal. Conversely, suppose that x” E R for all 
n E S. Since gcd S = 1, xm E R for all large m. By an equivalent condition 
for seminormality [ 9, Theorem 1.11, we thus have x E R, so R is S-closed. 
(b) Assume that R is S-closed and xd E R for some x E K. Since 
gcd S = d > 1, x”’ E R for all m E S; so x E R. Conversely, suppose that R 
is d-root closed and x”’ E R for all m E S. Then dn E S for all large n, so 
d’ E S for some positive integer i. Thus, xdi E R, so by Lemma 2.1 (a) also 
x E R, and, hence, R is S-closed. i 
We end this paper with a short discussion of overrings (rings between R 
and its quotient field K) and subrings of a root closed integral domain, These 
problems were studied in 13 ] for seminormal integral domains. Since an n- 
root closed integral domain is seminormal by Lemma 2.1(b), many of these 
results carry over to n-root closed integral domains. For example, we have 
the following theorem. 
THEOREM 3.3. Let R be an integral domain with quotient field K. Then 
each overring of R is n-root closed for some fixed positive integer n > 1 if 
and on& if each integral overring of R is n-root closed and R’ is a Prtiyer 
domain. 
Proof. The same proof as in Theorem 2.3 of [3] works once we note that 
a localization of an n-root closed integral domain is still n-root closed, an 
intersection of n-root closed integral domains is n-root closed, and each 
overring of R is n-root closed if and only if R [u”] is n-root closed for each 
uEK. 1 
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Also, from [3, Proposition 2.81 we see that if each overring of R is n-root 
closed (n > I), then depth(R) < 1. There is, however, one rather interesting 
difference between the seminormal or integrally closed case and the /z-root 
closed case. For a noetherian integral domain R, each overring of R is 
seminormal if and only if both R is seminormal and dim(R) < 1 by 13, 
Corollary 2.71. The corresponding result for integrally closed domains is well 
known. However, our next example shows that a one-dimensional noetherian 
root closed integral domain may have overrings which are not root closed. 
EXAMPLE 3.4. Let k and L be as in Example 2.2. Choose an u E L\k 
such that for some n > 1 there is a /J E L with /3” = cz and k(a) # k(P). Then 
let F = k(J). Next, let V= F( [Xl 1 = F + M, where M = XV. Then as in 
Example 2.2, R = k + M is a one-dimensional noetherian local root closed 
integral domain. However, the overring S = k(a) + M is not n-root closed. 
We end with a characterization of when each subring of an integral 
domain is n-root closed. 
PROPOSITION 3.5. The following conditions on an integrat domain R are 
equivalent. 
(a) Each subring of R is integrally closed. 
(b) Each subring of R is root closed. 
(c) Each subring S of R is n,-root closed for some positive integer 
n,> 1. 
(d) Each subring of R is seminormal. 
(e) Either R is isomorphic to an overring of L or R = K is an 
algebraic extension of a finite field. 
Proof. The equivalence of (a) and (e) is from 181, while (a), (d), and (e) 
are equivalent by 13, Proposition 2.1 I]. By Lemma 2.1(b), we may also add 
(b) and (c) to this list. I 
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